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Nonlinearity and entanglement are two important properties by which physical systems can be
identified as non-classical. We study the dynamics of the resonant interaction of up to N=3 two-
level systems and a single mode of the electromagnetic field sharing a single excitation dynamically.
We observe coherent vacuum Rabi oscillations and their nonlinear
√
N -speed up by tracking the
populations of all qubits and the resonator in time. We use quantum state tomography to show
explicitly that the dynamics generates maximally entangled states of the W class in a time limited
only by the collective interaction rate. We use an entanglement witness and the threetangle to
characterize the state whose fidelity F = 78% is limited in our experiments by crosstalk arising
during the simultaneous qubit manipulations which is absent in a sequential approach with F = 91%.
Effects related to the interaction of light and matter
can be investigated in many different physical systems.
The description of this interaction can be simplified to
the interplay of identical two-level systems and a sin-
gle mode of an electromagnetic field. This theoretical
abstraction is known as the Dicke- or Tavis-Cummings
model [1, 2]. In recent years it became feasible to inves-
tigate the complex interaction of light with multiple two-
level systems as experiments approached a higher level of
control over collections of individual quantum systems.
The coupling strength (transition amplitude) of N two-
level systems and a single mode increases as
√
N . Clear
evidence of this nonlinear behavior was observed in spec-
troscopic measurement with few atoms [3–6], large en-
sembles of atoms using cold gases [7–9], ion Coulomb
crystals [10] and by using superconducting qubits cou-
pled to a transmission line resonator [11, 12]. The inves-
tigation of these interactions has also gained additional
momentum in the context of hybrid quantum systems,
in which ensembles of microscopic systems, such as NV-
centers are coupled to a single mode of a cavity [13, 14].
More insight into the dynamics of collective systems
can be gained by time resolved measurements of energy
exchange between its individual components. When mul-
tiple two-level systems are resonantly coupled to a single
mode, this process is called collective vacuum Rabi os-
cillations. The collective coupling strength g defines the
frequency of these oscillations. Here, we restrict our in-
vestigation to the initial state in which the cavity is popu-
lated with exactly one photon. In this case the oscillation
involves a single photon that is continuously absorbed
and reemitted by all N two-level systems. In fact each
two-level system absorbs the photon with equal proba-
bility 1/N. Our lack of knowledge about which two-level
system actually absorbs the photon leads to entangled
states which are known as W-states [15]. The nonlin-
ear enhancement of the coupling strength speeds up the
generation of W-states when N is increased. In the con-
text of quantum information processing such enhanced
collective interaction rates may prove useful to gener-
ate multi-qubit entangled states on time scales ∝ 1/√N .
Alternatively, the generation of Dicke- and W-states has
been explored in NMR [16], with photons [17], ions [18]
and superconducting circuits [19] using interactions not
mediated by the resonant interaction with a cavity.
Here, using quantum state tomography, we demon-
strate explicitly that the strong collective coupling me-
diated by the resonant interaction of N superconducting
qubits with a single photon stored in a transmission line
resonator generates W-type entangled states as predicted
by the Dicke and Tavis-Cummings Hamiltonians [1, 2].
This work builds on the prior spectroscopic [11] and time
resolved [12] observations of the
√
N enhancement of the
collective resonant interaction with the cavity. 3-qubit
entangled states of the W- or GHZ-class have also been
generated in superconducting circuits using sequential
[20–22] or collective schemes [19] based on physical in-
teractions different from the one presented here.
In our time-domain studies of the collective oscillation
we use full control over three transmon-type supercon-
ducting qubits [23] coupled to a single electric field mode
of a microwave resonator. The coupling of multiple two-
level systems to a single mode is described by the Tavis-
Cummings Hamiltonian [2]
HˆTC = ~ωraˆ†aˆ+
∑
j
(
~
2
ωj σˆ
z
j + ~gj(aˆ†σˆ
−
j + σˆ
+
j aˆ)
)
. (1)
ωr is the frequency of the field mode, ωj is the tran-
sition frequency between ground state |g〉 and excited
state |e〉 of the two-level system j, aˆ and aˆ† are the
creation and annihilation operators of the mode and σˆ±j
are the corresponding operators acting on the qubits. In
our circuit QED implementation of the Hamiltonian HˆTC
we use the first harmonic mode of a coplanar transmis-
sion line resonator at ωr/2pi ' 7.023 GHz with qual-
ity factor Q ' 14800. A false color optical microscope
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2image of the sample is shown in Fig. 1(a/b). The res-
onator is used for the resonant exchange of a single ex-
citation and for joint dispersive readout of the three
qubits by measuring its transmission [24]. All qubits
are located at antinodes of the first harmonic mode of
the resonator. The frequency of each qubit is approx-
imately given by ~ωj(Φ) ≈
√
8ECEJ(φ) − EC where
the Josephson energy depends periodically on the ap-
plied flux according to EJ(φ) = EJmax| cos(piφ/φ0)|.
The maximum Josephson energies EJ(0)/~ for the three
qubits are (26.8, 28.1, 25.7) GHz and their charging en-
ergies EC/~ are (459, 359, 358) MHz. The anharmonic-
ity of the transmon energy levels depends on EC and
is chosen such that the validity of the two-level approx-
imation is ensured while keeping the charge dispersion
low. The maximum transition frequency of the qubits
ωj(0)/2pi = (9.58, 8.65, 8.23) GHz is designed such that
all three qubits can be tuned into resonance with the
resonator at ωr. In the steady state the qubits are flux
biased at ωj/2pi ' (6.11, 4.97, 7.82) GHz using the qua-
sistatic magnetic field generated by three superconduct-
ing miniature coils positioned underneath the chip, such
that |∆j |  gj with detuning ∆j = ωj−ωr. We measure
qubit dephasing times T2 = (100, 140, 440) ns limited by
flux noise far off the optimal bias point and qubit relax-
FIG. 1. (Color online) (a) Optical microscope false color im-
age of the sample with three qubits (A,B,C) capacitively cou-
pled to a coplanar waveguide resonator (yellow). Each qubit
is equipped with individual local charge (red) and magnetic
flux-bias lines (green). (b) Enlarged view of the transmon
qubit C. The island (blue) and the reservoir (lighter blue) are
connected via a SQUID loop.
ation times T1 = (2.1, 1.8, 1.0) µs limited by unknown
reasons other than the Purcell-effect. Tuning of the
qubit transition frequencies on the nanosecond timescale
is achieved by injecting current pulses into on-chip flux
control lines [Fig. 1(b)]. Both for the coils as well as for
the flux gate lines we determined the full coupling ma-
trix to compensate for cross-coupling at low frequencies.
The coupling strengths gj of the qubits (A,B,C) extracted
from spectroscopic measurements are (gA, gB , gC)/pi =
(−105.4, 110.8, 111.6) MHz. The negative coupling con-
stant of qubit A originates from the pi-phase difference
of the first harmonic mode between the center of the res-
onator and its coupling ports.
By applying phase controlled truncated Gaussian
DRAG pulses [25] through the on-chip charge bias lines
[Fig. 1(b)] each qubit can be prepared in an arbitrary su-
perposition state ψ = α |g〉+β |e〉. For the joint read-out
all qubits are dispersively coupled to the resonator and its
measured frequency-shift depends on the state of each in-
dividual qubit as Tr(Mˆρ), where Mˆ is the measurement
operator and ρ is the density matrix to be determined
[24]. To extract the 64 unknown elements of the density
matrix we have applied 64 linearly independent measure-
ment operators on the state to be characterized. These
independent operators are constructed by applying a set
of single qubit rotations, namely {Id, σx, σy, σz} to the
operator Mˆ . To extract the population only, the number
of linearly independent operators reduces to 8.
The pulse sequence we have implemented to observe
the one qubit vacuum Rabi oscillation is depicted in
Fig. 2(a) considering either one of the qubits. First, a pi-
pulse is applied to a single qubit far detuned from the res-
onator, such that the system can be described by a prod-
uct state |e〉⊗|0〉. Then the qubit is tuned into resonance
with the resonator using a flux pulse of variable duration
τ . To reduce the overshoot the qubit is first tuned to an
intermediate buffer frequency. On resonance the energy
eigenstates of this system with n = 1 excitations and
N qubits are |n = 1, N = 1±〉 = 1/√2(|g, 1〉± |e, 0〉) and
the initial excited qubit state undergoes vacuum Rabi os-
cillations between |g, 1〉 and |e, 0〉. The frequency of the
oscillations is given by Ω = 2
√
g2 + ∆2 with Ω0 = 2g
for ∆ = 0. The amplitude of the vacuum Rabi oscilla-
tion is maximal on resonance where the excitation is fully
exchanged. After the resonant flux pulse of length τ the
qubit is detuned from the resonator again and the energy
exchange process is stopped. In addition to performing a
dispersive readout of the qubit population we determine
the resonator population by measuring the average pho-
ton number, as given by the time integrated power 〈aˆ†aˆ〉
at the output of the cavity once the oscillation is stopped
[26]. The qubit population is observed to oscillate with
a frequency of 112.0 MHz, out of phase with the photon
field oscillating at 111.2 MHz [Fig. 2(b, left)] and in good
agreement with the spectroscopically obtained value.
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FIG. 2. (Color online) Dynamics of the collective vacuum Rabi oscillations. (a) Pulse sequence for the single and collec-
tive vacuum Rabi oscillation (QP=Qubit Preparation, Buf=Buffer Level for Flux Pulses, SRI=Single Resonant Interaction,
CRI=Collective Resonant Interaction, ST=State Tomography). Qubits not taking part in the collective interaction remain
at their bias frequency (dashed green/blue). The duration τ of the collective interaction is varied. (b) Oscillations for N=1
(first row) to N=3 (third row). The population is shown for the excited states of qubit A (blue), B (green), C (orange), the
|ggg〉 state (gray) and the resonator (violet). (c) Linear fit to the extracted and squared oscillation frequencies of the resonator
population.
We extended the procedure described above as shown
in Fig. 2(a) to two and three qubits. An initial sin-
gle photon Fock state is prepared by transferring the
full excitation of the first qubit to the resonator by ad-
justing the interaction time between the qubit and the
resonator to τ0 = pi/2g. Then the second and third
qubit are tuned into resonance and the resonant col-
lective interaction proceeds for time τ . All qubit pop-
ulations, obtained by tomographic state reconstruction
for each interaction time τ , are observed to oscillate si-
multaneously out of phase with the cavity photon num-
ber. When the number N of qubits taking part in the
resonant interaction is increased, the frequency of the
oscillations is observed to scale with
√
N and the am-
plitude of the individual qubit population decreases to
1/N fulfilling the normalization condition. The tripartite
states between which the oscillations occur are |g, g, 1〉
and 1/
√
2(|g, e, 0〉 − |e, g, 0〉) and equivalently |g, g, g, 1〉
and 1/
√
3(|g, g, e, 0〉+ |g, e, g, 0〉− |e, g, g, 0〉) for the four-
partite state, where we have denoted the states in a bi-
nary order as |C,B,A,Cavity〉. The opposite phase of
the |e, g, g, 0〉 state originates from the fact that qubit A
has a negative coupling constant. The qubit popula-
tions measured after the collective vacuum oscillations
are shown in Fig. 2(c/d, left column). The collective oscil-
lation transfers energy back and forth between the qubits
and the resonator, such that the population in the cavity
is correlated with the population of the qubit |ggg〉 state.
Hence it is instructive to measure the photonic part of
the state as done before for the single qubit vacuum Rabi
oscillations [Fig. 2(c/d, right column)]. The oscillation
frequencies for the resonator population for N=2 and
N=3 are 161.8 MHz = 1.05 · √2 g/2pi and 195.2 MHz
= 1.03 · √3 g/2pi, with g being the root mean square
[27] of the three spectroscopically obtained coupling con-
stants. These oscillation frequencies clearly demonstrate
the
√
N -nonlinearity of the Tavis-Cummings Hamilto-
nian in time resolved measurements as illustrated in fig-
ure 2(e). While the collective qubit oscillations are in
good agreement with the expected dynamics, we observe
a decrease in visibility with increasing N for both the
qubit and resonator populations. We attribute this ef-
fect to an imperfect control of the flux pulse amplitudes.
Although we have extracted a flux pulse cross coupling
matrix at low frequencies, its accuracy is not sufficient to
fully compensate the flux cross talk also at high frequen-
4cies and to exactly tune all qubits into resonance with
the resonator simultaneously.
During the collective oscillations a W-state is created
at time τW = pi/(2g
√
N), i.e. when the cavity state
factorizes |0〉 ⊗ 1/√3(|g, g, e〉 + |g, e, g〉 − |e, g, g〉). We
measured the three qubit density matrix at this time by
applying full quantum state tomography [24]. Figure 3
shows (a) the real part of the density matrix and (b) the
corresponding Pauli sets. The collective interaction time
needed to create this three qubit entangled state was only
τW = 2.9 ns, while the overall sequence duration from the
start of the excitation pulse to the end of the flux pulses
was 24.4 ns as limited by technical constraints.
As needed the dynamic phase that is picked up during
the time when the qubits are detuned can be corrected
by applying single qubit phase gates or by adjusting the
phases of the tomography pulses. Here the coherent en-
tries of the density matrix have been numerically rotated
to correspond to the phases in the expected state.
We have also characterized the measured state fidelity
defined as 〈ρt| ρ |ρt〉 with respect to the density matrix
rotated into the appropriate basis. We use a maximum
likelihood method which assumes that the measurement
outcomes are subject to Gaussian noise. To find the most
probable physical quantum state consistent with the ob-
tained result the problem is mapped to a least square
minimization by an appropriate change of the opera-
tor basis [28]. Using this method the number of steps
needed to perform the maximum likelihood algorithm
scales as O(d4), where d is the dimension of the quan-
tum state. The resulting fidelity is 78 % with respect
to the density matrix ρt = |ΨW 〉 〈ΨW | of the ideal state
ΨW = 1/
√
3(|g, g, e〉+|g, e, g〉−|e, g, g〉), limited predomi-
nantly by flux cross talk as discussed before in the context
of time resolved measurements. In addition, via convex
roof extension we have found the three-tangle to be close
to zero (0.06), verifying that the prepared state belongs
to the W-class rather then to the GHZ-class [29]. Using
the entanglement witness operator Mˆ = 2/3 Id−|W 〉 〈W |
we find that Tr(Mˆρ) = 2/3 − F = −0.12 < 0 allows to
discriminate our tripartite entangled pure state against
any bipartite entangled states [30].
We note that, in the time resolved measurements the
total measurement time per data point is determined by
the 2.5 105 averages per population measurement at a
repetition rate of 50 kHz. At the same rate each state
preparation and subsequent measurement was repeated
6.5 105 times to obtain the density matrix and 107 times
to obtain the cavity population.
To experimentally verify that the fidelity of a W-state
generated by the collective interaction with a cavity mode
in this device is not limited by coherence we have also
prepared a W-state using a novel sequential method. In
this approach we distribute a single excitation equally be-
tween the three qubits using resonant interaction. First,
we excite qubit C and tune it into resonance with the
resonator for time τ1 = arcsin (
√
2/3 )/gC . During this
interaction, 2/3 of the excitation is transferred to the res-
onator. Next we tune qubit B into resonance for a time
τ2 = arcsin (
√
1/2 )/gB , transferring half of the resonator
excitation to qubit B. Finally we let qubit A pick up
the remaining third of the energy from the resonator by
bringing it into resonance for a time τ3 = arcsin (1)/gA.
The overall sequence duration from the start of the ex-
citation pulse to the end of the flux pulses is 26.7 ns,
much longer than τW but similar to the total pulse se-
quence length used for the collective resonant interac-
tion. Using joint readout and tomography we obtain a
density matrix of the W-state with much higher fidelity
91%, shown in figure 3(c/d). As expected the prepara-
tion time for the sequential method is longer than for
the collective approach, because the latter method ex-
ploits the
√
N -enhancement. The fact that the higher
fidelity was obtained by a procedure where no simultane-
ous flux pulses are applied to multiple qubits affirms that
the main limitation of the collective generation is due to
residual flux crosstalk, which could be eliminated in fu-
ture experiments, rather than decoherence. Moreover we
estimated the influence of dissipation and dephasing in
absence of all systematic errors to obtain a theoretical
upper limit of 93% for the sequential and 97% for the
collective state preparation.
In summary, in a cavity QED experiment, we have
studied the collective interaction of up to three super-
conducting qubits with a single photon stored in a mi-
crowave resonator. We have explicitly reconstructed the
density matrix of the multi-qubit entangled state of the
Dicke- or W-type with fidelities considerably higher than
2/3. We have also resolved the temporal dynamics of
the population in the time domain characterized by the√
N -scaling of the collective vacuum Rabi oscillation fre-
quency in both the qubit and the photon states. The
ability to study a collective system while keeping full con-
trol over all individual components may allow to study
other interesting collective effects such as superradiance
or phase multistability in fully controlled small ensem-
bles.
Related work has been carried out independently [31].
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FIG. 3. (Color online) Real part of the density matrix of the W-state. (a) Obtained for the collective approach as shown in
Fig. 2. (c) Generated by the sequential approach. (b/d) Pauli set for the collective/sequential approach.
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